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ABSTRACT THEORY OF DECAY ESTIMATES: PERTURBED 
HAMILTONIANS 


MANUEL LARENAS AND AVY SOFFER 


Abstract. For two self-adjoint operators H, A we show that a general commutation re¬ 
lation of type [H, lA] = Q(H) -f K, in addition to regularity of H and Kato-smoothness 
of K, guarantee pointwise in time decay rates of diverse order. The methodology is based 
on the construction of a modified conjugate operator A that reduces the problem to previ¬ 
ously developed estimates when K = 0. Our results apply to energy thresholds and do 
not rely on resolvent estimates. We discuss applications for the Schrodinger equation (SE) 
with potential of critical decay, and for the free SE on an asymptotically flat manifold. 
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1. Introduction 

In the spectral analysis of self-adjoint operators, methods relying on the positivity of a 
commutator have very important applications. This approach can be traced back to the 
work of Putnam in 1967 [P], whose main result relates the condition [H, iA] > 0 with the 
absolute continuity of the range of [H, iA]. The number of applications of this setting is 
greatly restricted by the boundedness of the conjugate operator A and the global assump¬ 
tion on the commutator. In the fundamental work of Mourre in 1981 [Mo], the assumptions 
are more flexible and admit a variety of extensions. In his work, it is required that [H, iA] 
is dominated by H (for A only self-ajoint) and the positivity assumption is represented by 
the so-called strict Mourre estimate E{J)[H,iA]E{J) > aE{J), where E is the spectral 
measure of E[, a is a positive constant and J is a Borel set of R. The main consequences 
of these conditions are a limiting absorption principle, that is, a control of the resolvent of 
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H close to the real axis, and the absolute continuity of the spectrum of H in the interval J. 
This framework also admits a compact perturbation on the right hand side, which results in 
the possible presence of discrete spectrum in J. It was later shown that these commutator 
estimates also imply time decay estimates, and optimal propagation estimates [SS, HSS], 

The weakly conjugate operator method developed in [BGM, BKM] can be seen as an ex¬ 
tension of Putnam’s work with elements of Mourre theory. Here the estimate [H, i^l] > 0, 
along with an assumption of regularity of type \H,\A\ G C^(A), lead to a limiting ab¬ 
sorption principle. An important extension was proposed by Richard [Ri] which deals with 
operators that are not purely absolutely continuous. In this case the positive commutator 
above is replaced by the condition [H, iA] > cH for c > 0. We also mention the work 
in [MRT, MT] where the main assumption is of type [H, iA] > 0, in other words, the 
injectivity may fail. 

In this paper and its predecessor [GLS], we develop a methodology that uses a commuta¬ 
tion relation (not necessarily involving positivity) to derive pointwise decay estimates in 
time for an abstract Hamiltonian H. Estimates of this type were hrst obtained by Jensen 
and Kato [JK] for H = — A -f E in dimension n = 3. They proved estimates in weighted 
spaces through a resolvent expansion around zero. A unihed approach for all di¬ 
mensions was later developed by Jensen and Nenciu [JNl]. Journe, Soffer and Sogge [JSS] 
proved global estimates for iT = —A-|-Einn>3. Numerous extensions followed, see 
e.g. [DSS, Ya, EGG, Gol, GS, Sch] and cited references. 

The conjugate operator method plays a crucial work in the derivation of decay estimates 
and resolvent estimates in many different situations (see for instance [SS, HSS, Ger]). 
However, these techniques are less useful for problems on manifolds. In fact, most of the 
results in this context are of local decay type and Strichartz estimates [RT, BSol, BSo2, 
DR, Ta]. In this work we show that such results can be used to derive Kato-smoothness of 
the terms in the commutation relation and subsequently use this property to obtain point- 
wise decay estimates in an abstract setting. 

The pointwise decay estimates of the Kato-Jensen type play an important role in appli¬ 
cations. The LP decay estimates are proven using them, as well as extensions to time 
dependent hamiltonians of the charge transfer type. It was remarked by Ginibre, that the 
Kato-Jensen estimates imply a weak version of the estimates, in certain cases. How¬ 
ever, the techniques used to prove such estimates relies on detailed and explicit knowledge 
of the Green’s function of the unperturbed hamiltonian. The abstract approach may there¬ 
fore allow extensions to more general classes of hamiltonian operators, which can not be 
simply represented as a perturbation of a solvable system. 

Acknowledgment: We would like to thank V. Georgescu for helpful remarks. 

2. Preliminaries 

Let A and H be two self-adjoint operators on a Hilbert space H. We are interested in ex¬ 
tending the results of [GLS] to the case where [H, iA] is not necessarily equal to a function 
of H. In this work we will assume a more general commutation relation which will yield 
similar decay estimates by means of a suitable adaptation of the conjugate operator A. 

We now review some standard dehnitions in functional analysis. As usual, we write {x) = 
(1 -f Denote Ti.^ = D{H) the domain of H and consider its adjoint space = 

D{H)*. The resolvent of H is dehned as R{z) = {H — zl)~^ for z G p(z) the resolvent 
set of H. Eor P a bounded operator, we shall say that P commutes with H if for any t gM. 
the relation holds in B{'H). This is equivalent to Pip{H) = ip{H)P for 

any bounded Borel function : K —C. If Q is unbounded and D{Q) D TL^ then we say 
that Q commutes with H if the above identity holds in B{'H} , ji) for Q. 
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Consider Q a densely defined operator on H with D{Q) D We say that Q is H- 
bounded with relative norm a if for some a,b G M. one has IIQV'II < a\\Hip\\ +b\\il}\\, for 
allr/> e H\ 

If S' is a bounded operator on TL then we denote [A, S]o the sesquilinear form on D{A) 
dehned by [A, S]o(u,u) = (Ait|Sr;) — (m|SAu). We say that S is of class C^{A), and 
we write S G C^{A), if [A, S]o is continuous for the topology induced by H on D{A) 
and then we denote [A, S] the unique bounded operator on Ti such that S]v) = 

(AmISu) — (m|SAv) for all u,v G D{A). We consider now the rather subtle case of 
unbounded operators. Note that we always equip the domain of an operator with its graph 
topology. If iJ is a self-adjoint operator on Ti then [A,H]o is the sesquilinear form on 
D{A) nD{H) defined by [A, H]o{u,v) = {Au\Hv) — {Hu\Av). A convenient dehnition 
of the C^{A) class for any self-adjoint operator is as follows. Let R{z) = {H — z)~^ 
for 0 in the resolvent set p{H) of H. We say that H is of class C^{A) if R{z) G C\A) 
for some (hence for all) z G p{H). In this case. Proposition 6.2.10 in [ABG] shows that 
D{A)nH^ is dense in and hence [A, H]o extends to a uniquely determined continuous 
sesquilinear form [A, H] on For further properties and examples of the regularity 
we refer to [ABG] and [GG]. 

Finally, we discuss the notion of Kato-smoothness. We shall say that a closed operator E 
is H-smooth on the range of a bounded operator P if and only if for each ip gR and each 
e 7 ^ 0, R{X -\- ie)Pip G D{E) for almost all A G R and moreover 



In particular E is iJ-smooth on the range of P if and only if for all -tp G H, Pip G 
D{E) for almost every t gM. and 



In several applications the smoothness can be controlled more precisely using Sobolev 
norms as follows. Let M be an n-dimensional Riemannian manifold with a smooth Rie- 
mannian metric . Consider the Hilbert space R := Lf{M) with the inner product 
defined as {(p\ip) = (p{x)ip{x)dg, where dp := Denote by || • || the norm 

induced by this inner product, that is, ||0|| = \(p(x)\’^dg. The self-adjoint operator H 

defined on R enjoys the standard functional calculus and one can dehne the homogeneous 
Sobolev norms := || |iFfor 0 < s < 1. 

We then generalize the notion of iL-smoothness taking the supremum on a subspace of R 
instead of the whole space. We will say that a closed operator E is \HY-smooth on the 
range of a bounded operator P if and only if for all ip G Pip G D{E) for 

almost every t gM. and 



3. Assumptions 


Let H and A be two self-adjoint operators on the Hilbert space R = Lf (M), where M is a 
smooth n-dimensional Riemannian manifold equipped with the standard -inner product 
(•j-) and norm || • ||. Let P be an orthogonal projection and Q be an iF-bounded operator 
with relative norm a > 0. P and Q commute with H. Let E, F be linear operators such 
that D{E)nD{F) D PR^. The main assumptions of this paper are established as follows. 


(H) - iT is of class (A) 




4 


M. LARENAS AND A. SOFFER 


- H and A satisfy the commutation relation P[H,iA\P = P{Q + K)P for 
K = F*E, in the sense that for all (p, ip € 

iP, P[H, iA]Pp) = {PP, QPP) + {FPP, EP'P). 

- K is symmetric on T-L^, that is, (plK-p) = {Kp\p) 

- KT-L^ C % and is a bounded operator on %, for some 

s > 0 

- E and F are |i7|®-smooth on the range of P 

Remark 1. Since H is of class C^{A), the sesquilinear form [i/, i^]o on P} fl D{A) 
extends to a continuous operator in BfH}Then the commutation relation of(H) 
implies that the sesquilinear form {Pp, QP'p) + (FPp, EPp) restricted to fl D(A) 
also extends to a bounded operator in the same space. Therefore, the commutation relation 
can be written at the level of operators in B{P^, P~^) as P\F[, iA\P = P(Q + K)P,for 
a densely defined symmetric operator K. 


For some of the decay estimates we will require an additional smoothness condition. 

(Ha) The sesquilinear form P[A, K]oP dehned on D{A) n D{K) satisfies the identity 
P[A, iT]oP(</), p) = {F'Pp, E'PP), for all p,p & D{A) n D(,K). Here E', F' 
hold the same properties of E, F in assumptions (H). Moreover, P[A, K]oP ex¬ 
tends to a densely dehned operator K' such that is bounded 

on P. 

The commutation relation of (H) is the crucial assumption of this paper. It replaces the 
identity of type \H, iA] = p{H) in [GLS], with a much more general expression. Indeed, 
it now admits an operator Q (controlled by H) in addition to a Kato-smooth perturbation. 
Observe that the (A) regularity provides a suitable framework in this case as well. 

The strategy to derive decay estimates under these generalized conditions will be based 
on the construction of a new conjugate operator A which will simplify the commutation 
identity, thus reducing the problem to our preceding estimates. The remaining assumptions 
of (H) will justify this construction and other algebraic manipulations. 


4. The conjugate operator 

This section aims to construct the conjugate operator A. Using the functional calculus 
dehne for s > 0 the cut-off hs{H) For any operator X denote Xh ■= 

hs{H)Xhs{H) (omitting the parameter s in Xh for brevity). 

We hrst consider the operator Ah- Note that since H € C^{A), the operator hs{H) is of 
class C^{A) for s large enough (see the comment before Theorem 3.7 in [GLS]). More¬ 
over, by Lemma 6.2.9 in [ABG], the (A) condition for hg (H) holds for any s > 0. This 
follows from the continuity of the form [A, hs{H)] for the topology induced by P, which 
is a consequence of assumptions (H). Note that D{Ah) A D{A) and therefore Ah is a 
densely dehned symmetric operator. With some abuse of notation we denote its closure by 
Ah- Lemma 7.2.15 in [ABG] proves that Ah is self-adjoint and 79(A) is a core. 

The next step is to add a linear perturbation to Ah- Dehne for each t € M. the operator 
hs(,H)Ut hs{H) := f* ds, which is bounded under assumptions (H). 

We now show that the limiting operator Bh := s-lim(_>.oo hs{H)Uths{H) is well-dehned 
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and bounded as well. Let 0, '0 in %. 

= f {hsiH)P(l)\e-'^^Ke'^^hsiH)PiP)ds 
J r 

< [ \{Fe'^^hsiH)P(l)\Ee'^^hs{H)P'iP)\ds 

(‘oo \ 1/2 / pt 

\\FF^^hsiH)P^Ms 

< CF\\hsiH)Pcl,\\^.^^^ \\EF‘^^hsiH)P^fds 


< 


\\EF^^h,{H)Pipfds 
1/2 


1/2 


rt \ 1/2 

sH u ! TJ\ o„;,l| 2 . 


<Cf||</.|| / \\Ee'^^K{H)P^\\^ds 


( 1 ) 


Since the integrand of the last step is in L^(]R) and (p is arbitrary, we conclude that the 
sequence converges strongly to the bounded operator Bh- 


Finally, define A := Ah + Bh- Note that D{A) = D[Ah) D D[A). The following result 
justifies this construction. 


Proposition 2. Assume (H). Then A defined as above is self-adjoint. Moreover, FI is of 
class C^{A) and the continuous sesquilinear form [iF, i^ljo on TL^ fl D{A) is identified 
with an operator in B{fH}, TL) satisfying the commutation relation P[H, iA]P = QtP- 


Proof. Note that Bh is bounded and symmetric by construction, thus the self-adjointness 
of Ah is guaranteed by the Kato-Relich theorem. The C^{A) property follows from the 
identity [Fl, Ah] = [H, A\h in B{V},T-L~^) of Prop. 7.2.16, in addition to Prop. 6.2.10 in 
[ABG]. 

We now prove the commutation relation. Using the functional calculus define = (1 + 
and the bounded operator Tfj := HH^ = (ie)“^(l — i?e)- Note that P[iTe, 
is a continuous sesquilinear form on H satisfying P[H^, Kh]oP = 'ic~^P[Re, Kh]oP = 
R,:P[H, KhloPRn in form sense. Now we calculate 

• pt 

[H„ihs{H)Uths{H)]o = - / e-'^^^[R„iPKhPW^^ds 
e Jo 

= R, e-^^^P[H,iKh]oPP'‘^ds^ R, 

= Ree-'*^PKhPe'^^Re - R^RKhPR^. (2) 

Note that for any f, ijj £ R} one has PKhPe^^^tjj) 0 for a subsequence 

tk oo. This follows from the estimate 

pOO pOO 

/ \{f,e-^*^PKhPF*^fj)\dt= / \{FF*^h,{H)Pf,EF*^h,{H)Pf;)\dt 

Jo Jo 

poo 

^0 

<CFur+CEur. 

Then let e —>• 0 on the RHS of (2) which converges to —PKhP in the weak form sense on 
R. Finally, by making fj, ^ cxj in [H^,ihs{H)Ut^hs{H)]o and then e —>■ 0 in weak form 
sense in R^, we conclude that the form [H, iBh]o with domain R^ extends to a bounded 
sesquilinear form on satisfying [H,iBh]o = —PKhP- 
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Now, as sesquilinear forms in D{H)nD{A) we have [H, iAjo = [H, iAh]o + [H, iBh]o- By 
the previous discussion we conclude that [H, iA]o is continuous for the topology induced 
by H on TL^ n D{A) and moreover 


P[H, iA]P 

= P[HAA]hP - PKhP 
= Phs{H){Q + K)hs{H)PhP - PKhP 
= PQhP, 

which concludes the proof. 



□ 


Once we have established a suitable commutation relation for H and A in Proposition 2, 
we recall two important commutator identities used in our previous work. The proofs are 
analogous and use A as the conjugate operator. 


Proposition 3. Let H be a self-adjoint operator of class C^{A). Then the restriction of 
[a 1, e'*^]o to D{A) n T-f^ extends to a continuous form [A, on TL^ and, in the strong 
topology of space of sesquilinear forms on Ti^, we have 






[H, U]e'""ds. 


Jo 

Moreover, under the conditions of (H) we have A\P = tPQhPP*^ 

inB{H\H). 


as operators 


Proof. Same as Theorem 3.7 in [GLS]. □ 

Proposition 4. Let P[ be a self-adjoint operator of class C^( A). Then D{A)C\'H^ is dense 
in P} and 

[A, i?(z)] = — R{z)[A, H]R[z) for all z G p{H). 

Proof. This is Proposition 6.2.10 in [ABG]. □ 

In the next section, it will be useful to “commute A through B” in the important case Q = 
cH, for some c 0. To give precise meaning to this, we consider the sesquilinear form Co 
on D{A) defined as ip) := P[A, BhloPif, ip) = (APf, BhPip) - {BhPcp, APip). 
The next result justifies our assertion. 

Proposition 5. Under conditions (H) and (Ha) in the case Q = cH, the sesquilinear form 
Co defined on D{A) as above can be extended to a bounded operator in TL, which we 
denote by C. 


Proof. Step 1; Commutator identity 

As before, define i?,: = (1 + and the bounded operator ■= HH^. For (p, ip in 

D{A) consider the form 

D,{<p,iP) := i{{AH,PABhR:PiP)-{BhH,PAAPR*^iP)) 

' -V-' 

Dl 

-i{{APR,fi, BhH*PiP) - {BhRePfi, AH*PiP)) . (3) 

'-V-' 

Di 

We now use Prop. 3.8 in [GLS] to calculate the commutator identities P[H^,iA]P = 
cHhR^P and [H,^,iBh] = —PReKhReP, which will be used to expand the expression 





ABSTRACT THEORY OF DECAY ESTIMATES: PERTURBED HAMILTONIANS 


7 


above. 

Dl = (P[ii, BhKPi)) + i{H,AP^, BhKi)) - HlBhAPRl^) 

= -{cHhR^^Pcj}, BhRlPi^) - (APc^, H^iBhRl^) + {Pcj), HfiBhAPRli^) 

= -{cHhRlP(t>, BhRlPi^) - {AP(t>, [H:ABh]R*i^) 

-{AP<j)ABhH:Rlii^) + (P0, [HtABh]APRl^) + {P<j)ABhKAPRl^) 

= -{cHhRlP(t>, BhRlPi^) + {AP(t>, PR*Kh{RtfP^) 
-{P(l),PR*KhRtPAPR*'ilj) - {AP<t>ABhH*Rlil}) 

+(P0, BhP[H:AA]PR*^) + {P(j), BhPiAH:PR*ilj) 

= -{cHhRlPc^, BhRlP^) + (iP</), PRlKh{RtfPi^) 

-{PR,KhR,P^,APR:^) + (BhP^, cHhiRlfPR:^) - Dl 

Thus, D^{(l),ij}) = [Bh,cHhR'^P]o{(j),ipe) + [AP, PR^KhReP]o{(l>,fpe), where = 
R*tj}- Note that the expression on the RHS converges weakly in form sense as e —0. 

The first term of the limit can be extended to the bounded operator —icPK^^P (see proof 
of Prop. 2). On the other hand, by conditions (H) and (Ha) the second term can be ex¬ 
panded into Kato-smooth operators 

[iP,PiT^P]o(<^, ^p) 

= [AhP,PKhP]oi(p,^p) + [BhP,PKhP]oi(p,^p) 

= {F'Ph(j),E'Ph'>p) + [FPhBhPcp.EPhip) - {EPh(P,FPhBhP^p), 

and thus the sesquilinear form can be extended to a bounded operator in H satisfying 

||[iP,PiT„P]|| <C(P,P,P',P'). 

We conclude that converges to a sesquilinear form that can be extended to a bounded 
operator in R. 

Step 2; Convergence as f —oo 

Fix e > 0 and for (pjip €. D{A) denote = Rep, V'e = Re'P- Define the sesquilinear form 
Ctip^tp) := {AF^^Pp, BhF*^Pp) — {Bhe^*^Pp, Ae'^^Pp). Note that = 

De(F*^p, Now we use an estimate similar to (1) to prove convergence in t. 


\{Ct - Cr){Pe,Pe)\ 

^ De{F^^p,F^^P)dT 


< / |(P 0 e|e'’^''^cPr^ 2 e''^''^P'!/'£)| dr + / {p\[AP,PReKhReP]P) dr 
Jr Jr 

<C{P)\\P\\(^j^ \\EF^^hsPPefds^+C{P’)\\p\\(^j^ WE'F^^hsPPefds 


1/2 


By Kato-smoothness of the RHS we conclude that the sequence is Cauchy in t (for fixed 
e) and moreover, Ct{pe,pe) —)• 0 as f —5> cx). 

We proceed analogously to prove the result of the theorem. 

\CoiPe,Pe)\ < limsup ||C'i((/),?/>)| + y dr 

< C{E,P,E',P')\\Pe\\\\Pe\\. 
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Since R^D{A) is dense in T-L, we conclude by letting e —0 that the sesquilinear form 
defined above i’) = BhP^’) — {BhP4>^ APij)) restricted to D{A) extends to 

a bounded operator on T-L. □ 

Corollary 6. Bh leaves invariant the domain of A, that is, BhD[A) C D[A). 

Proof. Let e > 0 and ip S D{A), (f> G Ti. Denote i?e(A) = (1 + ie^)“^ and = 
AR,^{A). Recall also that PBhP = Bh and [P,A\ extends to a bounded operator since 
H e C'i(i). 

MA,BhPt)\ 

= \{PAR,{A)*f\BhP^P)\ 

= \{[P,A]{1 - ieA)-^f\BhPpj) + {AP{1 - ieA)-^ct>\BhPP;)\ 

< CU\m\ + K(1 - ieA)-^f\P[A,Bh]PPj)\ + \{BhP{l - ieA)-^f\PAPpj)\ 

<cmm + \\M\\), 

where the constant C is independent of e. Thus, < C'(||'0|| + ||^^/’||) and we 

conclude by Patou’s lemma. □ 


5. Decay estimates 


Definition 7. For u € Ti, define the function tpuit) '■= {u, t £ M and the set 

1 /2 

Foru G £ denote [u]h = ||' 0 tt||j 4 ■ 

In [ABG] it was shown that f is a dense linear subspace of the absolutely continuity sub¬ 
space of H and [■]// is a complete norm on it. In this work we will consider the following 
additional assumption on the space £, which will be relevant for Propositions 9 and 12 
where no asssumption of positivity of Q is made. 

(Fib) For any u G H one has {Ah + i)“^rt £ £. 

We now proceed to prove the main results of this work. 

Proposition 8. Assume (H) with Q > 0. Then for u £ such that Pu £ D{A) fT 
D{Q^/‘^) we have the estimate \ 4 >qi /2 Pu{t)\ < Cu{t) 


Proof. Assume first that u and define v = (H) 


s/2 


U. 


#Qi/2p„(f) = {Q^^‘^Pu\te'^^Q^/^Pu) 

= {vfPQhe'*'^ Pv) 

= (v\P[e'^^,A]Pv) 

= Pv\APv) - {APv\P*^Pv). 


We now expand the first term of the last expression, the second one is analogous. 

Pv\APv)\ = Pv\AhPv) + Pv\BhPv)\ 

< \\u\\\\PAPu\\ + C\\{Hr^^Pu\\. 


( 4 ) 


Hence |#QV 2 p„(f)| <2(||w||||PAPu|| + C||(H)«/2Pu||). 
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For general u we define := ReU G Ti.^. Note that Pu^ £ since Q commutes 

with H and thus from (4) we obtain the estimate 

l#QV2p„,(f)| <2||u,|l||PiPu,||. (5) 

Since H £ C^{A), from Proposition 12 in [GLS] we obtain that PR^v £ D{A). More¬ 
over, Proposition 4 implies that [A, Rf\ = ei?e[iF, iA]R^, hence P[T, P^JP = ePR^QReP 
as operators in H. Now we use that Q is iJ-bounded with relative norm a, which yields 

||PiPu,|| = ||P[i,P,]Pu|| + ||PP,iPu|| 

< e ia\\HR^Pv\\ + b\\R,Pv\\) + ||iPu|| 

< (a-I-eh) ||Pu||-I-||PAPu||-I-CIlPull 

< C\\{Hy^‘^Pu\\ + \\PAPu\\. 

Finally, let e —0 and use Fatou’s lemma on the Ihs side of (5) to conclude 

< 2\\{Hr/\\\iC\\{Hr/^Pu\\ + \\PAPu\\). 

□ 

Proposition 9. Assume (H), (Ha) and (Hb) in the special case Q = cH and s = 1/2. 
Then for u £ D{A) such that Pu and PAPu are in £, one has lippuif)] < Cu(t)~^^^. 


Proof. Define x = X[-m,i] the characteristic function of the interval in R. We decompose 
u := ui -I-U 2 , where m = x{H)u and ui = {l — x{H))u. Note that fipu = ipPm +V'Pm 2 - 
We will show that -ipui = and 


By Corollary 8.2 in [GLS] it suffices to prove that Sippuiit) := ty'p^yf) is in P^(R). 
Define v = 


(f) 


(Pui|fciLe‘‘^Pui) 
{Pv\t{H)-'^/'^cH{H)-’^/^y*^ Pv) 
{Pv\tHhe^^^ Pv) 

(u|P[e“^,i]Pu) 

(e““'^u|PiPu) - {PAPv\y*^v). 


We now expand the first term of the last expression, the second one is analogous. 

{e-^^^v\PAPv) = {e-^^^v\PAhPv) + (e-“^u|PP,,Pu) 

= (e“‘‘^Mi|P^PMi) -I- (e“‘‘^Pu|(^?, -I- i)~^{Ah + i)BhPv). 

Note that {Ah + i)BhPv = [Ah, Bh]Pv + Bh{Ah + i)Pv, which is in R. by Proposition 
5 and the fact that v £ D{Ah). 


Thus 

c\\5ypuA\<2[Pui]H{[PAPui]HP[{Api)-\CP{HY/‘^u^pBh{H)-^/^APui)]H), 

and we conclude |V’ui(f)| < ■ 

To estimate the decay of U 2 we now consider v € H such that U 2 = 

Then 

ctlljpu2{t) = (Pw2|cfe'‘^PU2) 

= {P?;|cfe“'^P,,sgn(iT)Pp) 

= {u|P[P*^,i]sgn(iJ)Pu). (6) 
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Note that g{H) := — x{H)) is a bounded smooth function, so ||i;|| < 

||m|| and PAg{H)P = g'{H)HhP + Pg{H)AP. Hence the hrst term of the commu¬ 
tator in (6) is bounded |(e“'‘^u|P^Pu)| < ||u||(||m|| + ||^Pm||) and we conclude that 
\'^Pu 2 {t)\ < Cu{t)~^ as desired. □ 

Remark 10. In case assumptions (H), (Ha) and (Hh) are met with s = 0, the construction 
of the conjugate operator is simpler because there is no need to introduce the cut-off hg 
(and then A = A B). Hence Propositions 8 and 9 remain valid. We state them here for 
completeness, the proofs are analogous. 

Proposition 11. Assume (H) with Q > 0 and s = 0. Then for u G H. such that Pu G 
D{A) n we have the estimate |'i/)Qi/ 2 p„(f)| < Cu{t)~^. 

Proposition 12. Assume (H), (Ha) and (Hb) in the special case Q = cH and s = 0. Then 
for u € D{A) such that Pu and PAPu are in £, one has \tppu{t)\ < 

We now study the particular case H = Hq V{x) on H = L^(]R"), where Hq is a 
self-adjoint operator and V(x) is smooth real-valued function. Let P be a projection that 
commutes with H. Let us consider the following assumptions. 

(HI) (i) There is a self-adjoint hrst-order operator A so that Hq is of class (A) and 
[Hq, iA] = cHq for some cfO 
(ii) The functions W(a;) and w(a;) := [W(a;),iA] are bounded 

Conditions (HI) ensure that H is of class (A) and it follows that the sesquilinear form 
[H,iA]o = cH— cV{x)-\-w(ff) on D{H)r\D{A) can be identihed with an operator [iL, iA] 
inP('P^,P). Inorderto satisfy assumptions (H) with Q = cH and iT = —cV(x)-\-w{x) 
it remains to show the Kato-smoothness condition. We can derive this from decay estimates 
as follows. 

Let CT > 0 and Pac(Tf) be the projection onto the space of absolute continuity of H. 
Consider the local decay estimate 

[ < CllulP, (7) 

Jr 

for all u G P and some C > 0. Then from Proposition 9 we obtain the following result. 
Proposition 13. Let H = Hq -\- V(x) and A as in (HI ), with V such that 
sup ((a;)‘^|W(a;)|-I-(a;)'^'''^|VW(a;)|) < oo. 

Assume also the local decay estimate (7). Then for u G D(^A) such that PacAPacU is in £, 
then 

6. Higher-order decay estimates 

We now improve our results by iteration of the previous method. In order to obtain higher- 
order decay estimates, the main difficulty lies in extending Proposition 5 for higher powers 
of Ah and Bh. This task is extremely laborious with the current methods so it will not 
be pursued here. Proposition 5 allows to construct the operator A^ = {Ah + Bh)^ on 
D{A^) — D{A\) D D{A^). This will be enough to increase the time decay rate by a 
power of one as shown in the propositions below. 

In this section, we will restrict ourselves to the case s = 0 and P = Id in (H), (Ha) 
and (Hb). So here A = A -f P dehned on D{A) = D{A), B is bounded on H and the 
commutation relation reads [H, A] = Q. 
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We now recall the necessary formalism of higher-order regularity of operators (see [ ABG] 
and [GLS] for further discussion). Let A be a self-adjoint operator on a Hilbert space % 
and A: G N. We say that a bounded operator S is of class C^{A), and we write S € C^(A), 
if the map K 9 f >->■ G Bifi) is of class in the strong operator topology. 

It is clear that S G C^'^^{A) if and only if S' G C^{A) and [S, A] G C^{A). Clearly 
C^{A) is a *-subalgebra of i?(H) and if S G B{H) is bijective and S G C^{A) then 
5-1 e C^{A), 

For any S G B{H) let A(S) = [S, iA] considered as a sesquilinear form on D{A). We 
may iterate this and define a sesquilinear form on D{A^) by: 

u 

SW = A'=(S) = i'= y —(-A)*SAL 

( J 7 I -1 I 

i+j=k 

Then S & (A) if and only if this form is continuous for the topology induced by Ti. on 

D{A^). We keep the notation A^(S) or for the bounded operator associated to its 
continuous extension to H. 

Now let iJ be a self-adjoint operator on H and R{z) = {H — z)~^ for z in the resolvent 
set p{H) of H. We say that H is of class C^{A) if R{z(f) G C^{A) for some zq G p{H); 
then we shall have R{z) G C^{A) for all z G p{H) and more generally p{H) G C^{A) 
for a large class of functions p (e.g. rational and bounded on the spectrum of H). 

We shall say that a densely defined operator S onR'm boundedly invertible if S is injective, 
its range is dense, and its inverse extends to a continuous operator on R. If S is symmetric 
this means that S is essentially self-adjoint and 0 is in the resolvent set of its closure. 

Proposition 14. Let H be of class C^(A). Assume (H) and (Ha) with s = 0 and Q = 
Q{H) such that Q' is a bounded function. Then for u £ R such that u G D{A^) n D{Q) 
we have the estimate \'4’Qu{t)\ < 

Proof. Note that as sesquilinear forms in D{Q^) n D{A) one has the identity 

Note also that A^{H) = Q'{H)Q{H), hence H G C'^(A) by Propositions 7.2.16 and 
6.2.10 in [ABG]. 

Assume first that u GR^, then 

< \{u\A^ie'*^)u)\ + \{u\Q'iH)A{e'^^)u)\ 

< C(|H|||A2«|| + ||Auf) + h||||AQ'(7T)u|| 

< C||u||(||A«|| + ||A2«||) + ||A«f. 

By Proposition 5, (A + Bf^u is well defined and || A^rtH < || A^rtH -|- C|| Au|| + ||m||, thus 
\'^Qu{t)\ < with Cu = CIImIKIIuII -f ||Au|| -f HA^mH) -h \\Au\f. 

For general u G D{A^) n D{Q) we use Ue = R^u G R^. Note that Ue G D{A^) because 
i?£ G <72 (A). Proceeding like in the proof of Proposition 8 and letting e —0 we obtain 
the desired result. □ 

Remark 15. Note that if the operator Q{H) is assumed boundedly invertible, the estimate 
of Proposition 14 holds for Tpu(t), with u G D{A^) fl D{Q). 

Proposition 16. Let H be of class C'^(A). Assume (H), (Ha) and (Hb) in the special case 
Q = cH and s = 0. Let u € R be of the form u = |7T|^/2^^ some v G D{A^) such 
that A^v G £, j = 0,1, 2 and ABv G £. Then |V’u(f)| < 
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Proof. Define x = X[-m.i] the characteristic function of the interval in R. We decompose 
u ■.= U 1 +U 2 , where m = x{H)u and U 2 = {l — x{H))u. Note that = ipPu-^ +V'Pii 2 - 
We will show that ipui = and tpu 2 = To study '0«i we rely on Corollary 

8.3 in [GLS], that is, we need to prove that both tipuiit) and are functions in 

L^(]R). We only show the latter, the former is an analogous calculation. Set vi = x{H)v. 

= sign{H)vi)\ 


We now expand the first term of the above expression, the second one is analogous. Since 
x{H) is a bounded function and H G C^(A), x{H) it can be commuted through A and so 
we can replace vi with v (up to a bounded function of H). 

{v\A^{e^*^)v) = {e-'^^^v\A^v) - 2{Av\e^*^Av) + {A^v\e^^^v) 

Note that Av = Av + ( 2 I + i)“^( 2 l + i)Bv G Shy assumption (Hb). Similarly, A^v G £ 
because 


A^v = A^v + ABv + BAv + B^v 

= A^v + ABv + (A + + i)BAv + (A + i)“^(A + i)B'^v. 

This yields that G L^(]R) as desired. Now for M 2 , we consider V 2 GT-L such that 

U 2 = cH{H)~^V 2 - Then 

= l(w2|f^e“^M2)| 

= \{v2\ch^H^e^^^{H)-^V2)\ 

< C(||M2||||i\2|| + ||iM2f) 

< C||M2||(||M2|| + ||2lM2|| + ||242M2||)+PM2f, 


which concludes the proof. 


□ 


7. Applications 


7.1. Potential of critical decay. Here we considerthe equation i9 (M+Am— y(a:)M = Oin 
M" {n > 3), with initial condition m( 0, x) = f{x). In [BPSS], a resolvent estimate is used 
to obtain weighted estimates for time-independent potentials V{x) G \ {0}) 

satisfying the following assumptions. 


(Al) sup^gRn \x\'^\V\ < 00 

(A2) The operator |a;py + is positive on every sphere, i.e., there is a 5 > 0 such 
that for every r > 0, 



+ (A^ + \xfV {x))\u{x)f da{x) 


> 



|M(a:)|^dcr(a:) 


(A3) The operator \x\‘^V + A^ is positive on every sphere, i.e., (A2) holds with V 
in place of V. 


Here ^represents the spherical Laplacian, V := dr(rV(x)) and A = (n — 2)/2. 
In Section 3 of that paper the following Morawetz estimate is obtained 




/ 


L?Li 


<C\\f\\L^. 


( 8 ) 


We will use this result to obtain pointwise estimates using the generator of dilations A = 
— I (x • V + V • x) as the conjugate operator. In order to verify the (A) regularity for H 
and the other conditions of (H) we will consider the following additional assumptions. 
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(A4) V is nonnegative and locally integrable in R” 

(A5) sup 3 ,gRn |a;p|Vy| < oo and ||(x • VF)(y)“^||Loo < cx) 

In [Ka95] Theorem 4.6a the domain of the Friedrich extension of iJ = — A + F (x) is char¬ 
acterized as the set of all i) u € TL such that Vm belongs to (L^(R"'))", ii) J V (a;) | up dec < 
oo, and iii) Au exists and — Au + V(x)u belongs to H. It is easy to check that the dilation 
group leaves D{H) invariant, in fact ii) and iii) are preserved under condition (A5). In this 
scenario, the C^{A) regularity follows from the commutation relation [H, iA] = —2A — 
X ■ W = 2H — {2V + X ■ W), which clearly satisfies \\[Hu, Au]o|| < CdlifuH + ||u||) 
by (A4) and (A5). Note that here Q = 2H and K = 2V + x ■ W. 

Now write K = sign Assumptions (Al) and (A4) yield the bound 

and then estimate ( 8 ) implies that K is the product 
of two Kato-smooth operators. Therefore, the assumptions of (H) hold with s = 0 and the 
estimate of Proposition 12 reads as follows. 

Proposition 17. Let H and A be as above and P a smooth projection commuting with H. 
Assume conditions (A1)-(A5) and (Hb). Then for u S D{A) such that Pu and PAPu are 
in E, one has the estimate |■^/'p«(f)| < 

Remark 18. We can use the results o/[BPSS] to characterize the space E. For instance, 
the endpoint Strichartz estimate ||e“'*^u|| 2 , 2 (L 6 ) < C\\u \\]^2 for n = i yields that for 
u G we have \\tpu\\L^ < I|u||l 6 /s< C'I|m| 1 l 6 / 5 ||u||l 2 . Or we 

can use the estimate ( 8 ) in dimension n, to show that ifxu G one has ||i/i„ IIl? < 

l|a;u||L 2 ||u||i 2 . 

7.2. Laplacian on manifold. Let (M, g) = (R^ ,g)hea compact perturbation of R^, i.e. 
M is R^ endowed with a smooth metric g which equals the Euclidean metric outside of 
a ball B(0,Ro) = {cc G R^ : |a;| < Rq} for some fixed Rq. In [RT] global-in-time 
decay estimates were obtained for solutions to the Schrodinger equation iut = Hu, where 
H = —^Am is the Laplace-Beltrami operator on M. It has been shown that H defined 
on S := C°°{M) (smooth functions of compact support) is essentially self-adjoint and its 
domain is the Sobolev space The main result of their paper is the following. 

Theorem. Let M be a smooth compact perturbation of R^ which is nontrapping and 
smoothly diffeomorphic to R^. Then for any Schwartz solution u{x, t) and any a > 0 we 
have 

[ IKa;)”^^^“‘"Ve-'*^uo||i 2 (M) + ll(a;)“^/^“‘"e"“^uo||i 2 (M) dt < C'^,m||mo||^i/ 2 (m)- 

M. 

(9) 

We choose the conjugate operator A = —i/2(a; • V -f V • x) defined on S. Note that the 
dilation group leaves invariant. Assuming that metric is smooth and bounded, the 

(A) condition follows from the commutation relation \H, iA] = 2H + K, where K is 
a second order operator supported in i3(0, i?o)- More explicitly, a straightforward calcula¬ 
tion on S shows that K is an an operator of the form K = ki{x)H + ik2{x)S7 + ifc 3 (x), 
where the k[s are smooth and bounded real functions supported in B{0, Rq). Observe also 
that is bounded. Taking E = F = \/|^, the Kato-smoothness is a 

direct consequence of the estimate (9) and therefore the assumptions of (H) are met with 
s = 1/2. Condition (Ha) holds since [A, K\ is a second order differential operator as well. 
Proposition 9 yields the following result. 

Proposition 19. Let H and A be above and P a smooth projection commuting with H. 
Assume that condition (Hb) holds for the space E. Then for u G D{A) such that Pu and 
PAPu are in E, one has lippuit)] < 
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